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Abstract

In this paper analyzes fuzzy inventory system for deterioration item with time depended demand. Shortages
are allowed under fully backlogged. Fixed cost, deterioration cost, shortages cost, holding cost are the cost
considered in this model. Fuzziness is applying by allowing the cost components (holding cost,
deterioration, shortage cost, holding cost, etc). In fuzzy environment it considered all required parameter to
be triangular fuzzy numbers. One numerical solution of the model is obtained to verify optimal solution.
The purpose of the model is to minimize total cost function.

Keywords: Inventory, Deteriorating items, Fuzzy number, Shortages, Fully backlogged,
Triangular fuzzy number.

1. Introduction

An inventory deal with decision that minimum the total average cost or maximize The
total average profit. For this purpose the task is to construct a mathematical model of the
real life Inventory system, such a mathematical model is based on various assumption
and approximation

In a inventory model deterioration play an important role. Deterioration is defined as
decay or damage in the quality of the inventory. Foods, Drugs, pharmaceuticals etc are
deteriorating items. During inventory there have some losses of this deteriorating items,
consequently this loss must be taken into account when analyzing the system. Shortages
is also very important condition. There are several type of customer. At shortage period
some customers are waiting for actual product and others do not it.

In ordinary inventory model it consider all parameter like shortage cost, holding cost, unit
cost as fixed. But in real life situation it will have some little fluctuations. so
consideration of fuzzy variables is more realistic.

The study of inventory model where demand rates varies with time is the last decades.
Datta and pal investigated an inventory system with power demand pattern and
deterioration. Park and Wang studied shortages and partial backlogging of items.
Friedman (1978) presented continuous time inventory model with time varying demand.
M. Roychowdhury and K.S Chaudhuri (1983) studied an order level inventory for
deteriorating items with finite rate of replenishment. Ritchie (1984) studied in inventory
model with linear increasing demand. Goswami, Chaudhuri (1991) discussed an
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inventory model with shortage. Gen et. Al. (1997) considered classical inventory model
with Triangular fuzzy number. Yao and Lee (1998) considered an economic production
quantity model in the fuzzy sense. Sujit Kumar De, P.K.Kundu and A.Goswami (2003)
presented an economic production quantity inventory model involving fuzzy demand
rate. J.K.Syde and L.A.Aziz (2007) applied sign distance method to fuzzy inventory
model without shortage. D.Datta and Pravin Kumar published several paper of fuzzy
inventory with or without shortage.

In this paper we first consider crisp inventory model with time depended demand where
shortage are allowed and fully backlogged. Thereafter we developed fuzzy inventory
model with fuzzy time depended demand rate under fully backlogged. All inventory cost
parameters are fuzzyfied as triangular fuzzy number.

2. Preliminaries

For graded representation method to defuzzify, we need the following definitions,
Definition2.1: A fuzzy set A on the given universal set X is a set of order pairs,
A={(x,pa(X)): XeX} where pa(x)—[0,1] is called a membership function.

Definition2.2: The a-cut of 4, is defined by A={x: pa(x)=a, a>0}

Definition2.3: A is normal if there exists xeX such that pa(x)=1

Definition2.4: A triangular fuzzy number A=(a,b,c) is represented with membership
function A.

A is defined as,
X—a

L(x) =
ua(X)= 4 R(x) =

, a<x<hb

as
% Q

— , bsx<c

0 ,otherwise

o
(s

when a=b=c, we have fuzzy point (a,a,a)=d. The family of all triangular fuzzy number on
R, denoted as Fn={(a,b,c), a<b<c, Vva,b,ceR}. The a-cut of A=(a,b,c)EFN, 0<0<l is
A(a)=[AL(a),Ar(a)] where A| (a)=at(b-a)a and Ar(a)=c-(C-b)a are the left and right end
Point of A(a).

Definition2.5: If A=(a,b,c) is a triangular fuzzy number then the graded mean integration
of A is defined as,

-1 -1
f:VAh(iL (R (h))dh

S}V 4 han ’

P(A)= (0<h<waand 0<wa<l)

1, .a+(b—a)h+c—(c—-b)h]dh
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P(A)= 2 [T hdh

_a+4b+c
6
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Suppose d@=(a;,a2,a3) and b=(by,by,bs) are two fuzzy triangular number then
(1)  a+b=(as,a,as)+(b1,bz,b3)=(as+by, ay+by, az+by).
(2)  a-b=(a1,a2,a3)-(01,b2,b3)=(a1-bs, a-by, as-bs).
X

(3) a 52(31,32,33)><(blybz,bs):(albl,azbz,asba)-
4 % (bi,bi,bi) where by,by,b; are all non zero positive real number, then

d_(al dp az
b ‘b3'by'b”"

(5) Let KeR, then ka=k(a1,a2,a3)=(kaz,kaz,kas) for k>0.

3.1. Notation
I(t)=Inventory level at any time, t>0.
T:Cycle of length.
tw: Time point, when demand rate start with (c-dt).
t;: Time point when stock level reaches to zero.
ca1:Fixed cost.
Co:Shortages cost per unit.
cs:Deteriorating cost per unit.
c4:Holding cost per unit.
Q:Highest stock level at the beginning of the cycle.
TAC(ty,t1): Total average cost per unit.
¢1=Fuzzy fixed cost.
¢,=Fuzzy shortage cost per unit.
¢3=Fuzzy deteriorating cost per unit.
¢4=Fuzzy holding cost per unit.

TAC (t,y, t;)=Fuzzy total cost per unit.

3.2. Assumption

The inventory system involves only one item.

The replenishment occur instantaneously at infinite rate.

The lead time is negligible.

Demand rate is time depended, we assume it (a+bt) in 0<t<t,, and (c-dt) in t,<t<t;.
20 is deterioration rate per unit time per cycle, 0 is constant.

At time t=t,, it should be (a+bt,,)=(c-dt,).

Q@ @®@ 2 T
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3.3. Model Development (Crisp Model)
A

Q K (atbt)

y Time

»

0 ty t T fully backlogged

During 0<t<t, the inventory level decrease due to customer demand (rate of
demand=a+bt) and deteriorating items. During t,<t<t; the inventory level decrease due to
customer demand (rate of demand=c-dt), deteriorating items and reaches to zero at t=t;.
In the time interval t;<t<T shortages with fully backlogged allowed.

The differential equation describing I(t) as follows
dai(t)

— T201(t) = —(a+ bt), 0<t<ty (3.1)
With boundary condition 1(0)=Q.
L0+ 201(t) = —(c - dv), t<t<ty (3.2)

With boundary condition I(t;)=0

LD = —(c-av), t<t<T (3.3)

With boundary condition I(t;)=0.
From (3.1) we get,

1(6)=Q(1-0¢2)- (1-0¢2)(at+22) (3.4)
From (3.2) we get,

I())=c(1-062)(t1- 1)- 5 (8,2 - 2 ) (1-6¢2) (3.5)
From (3.3) we get,

IO=c(t- 1) - 5 (02 - £7) (3.6)

So the fixed cost per cycle is,
FC=c;

Shortage cost per cycle is,
Sc=-c, ftTl 1(t)dt
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Deteriorating cost per cycle is,

DC=c3f,"(a + bt) I(t)dt + cs ftt(c —dt) I(t)dt

4
—ca[Qatty- Qadty®  a?ty® abtw3+a26tw +ab9tW5+thW2 _Qbor,*t  abty,’
w 3 2 6 4 10 2 4 3
4
b2t,, +aber:w b20t,,° e {t (tty) - t?—tw® Htl(t13—tw3)+9(t14—tw4)}
8 5 12 1M, 2 3 4
it -tw® (-t et -tY) | 0 -ty cdg. o
el ted) | ad s Oty 2y, -
3 2
(tP-tw®) 0t —tw®) 9(t15—tw5)}+d_2{t12(t1 —tw?) (et -tw?)
3 3 5 2 2 4
4
Ot1(ts —tw®) 0(t1°—tw®)
" t—=—-—11.

Holding cost per cycle is,

HC=caf)" (1) dt + ¢4 ftt; I(t) dt

_ Qty° aty?  bty> aty,* thw 12=ty?

=GQtw — =7) - (St )0+ )+c{ta(ti-tw) - 2wy
t,3(t —tw?) (t1*=tw™ t13—ty3
e - = —;{tlz(tl- tw) - 5=}

dae t12(t13_tw3) tls_tws)
+_ -
2 { 3 5 H

So total average cost per cycle is,

TAC(tl,tW):l[FC+SC+DC+HC]

dt,3 Qabt,,> aZt.?

[[Cl_ ca{c(taT- _) (t12T‘ _) - ST Ca[Qatw- 3W i ZW— -

abtw3+ Zetw +ab9tw +thW _ QthW _ abtw ) bztw4‘+ab9tws+b29tw6
6 4 10 2 4 3 g 5 . 12
t12-tw?  Oti(t 3ty 0t -ty* Gt —tw?)  (t°-t,°

+C2{tl(tl_tw)_12w_ 1(13 W)+(14W)}_Cd{1(12W)_(13W)_

0t,(t —ty* 0(t,5—t,° d t,3-t,3 0t,2(t; —tw3
1(t1 ) 4 0t )}_C_{tlz(tl_tw)_(l ) 0t 7(ty )

4 5 3 3
O(t15—ty®)s d2 (t12(t1 —tw?)  (t1t—tw?)  Ot12(t; —twd) 6(t,5—t,,°
N G e QG0 IR RGeSO oY

tws tw? bty° tw?t btw5 t12-ty? t3(ty —ty3
e e )+C{t1(t1-tw)— Lty ep ()

it -tH, d tw dé t12(t3-t,3)  t15-t,%)
B R (To ) et LU G R

For minimum cost it should be,

6TAC(tW,t1)=0 aTAC(tW,t1)=O
oty ! oty

Provided it satisfies,
9?TAC(tw,t1) >0 92TAC(tw,t1)

>
aty? ! at,? 0
and [azTAC(tw,tl)] [62TAC(tW,t1)] ) [62TAC(tW,t1) ]>O
oty,> oty oty 0ty )
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3.4 Fuzzy Model

Due to uncertainly lets us assume that,

&=(cit e’ ,cd),  &=(cat,cAe’), Ga=(cst cst e, E=(caticbics’) be triangular  fuzzy
number then the total average cost is given by,

—_— 1 irme  ~ T? Ccti? d T3
TAC(t, t1)= ;[[Cr cx{e(ty T- 7) - Tl - E(tlzT‘ _)

G [Qutyr S5 TR

4 5 4 4 5
abtw3+a20tw +abetw +thW2 _ Qpéty, _abtw3 _bPty +abetw +b29tw
6 4 10 2 4 3 8 5 12

+C*{ta(t1-tw) -

Ot1(t13—ty3) O(t -ty t1(t12—t,2 t13-ty3)  Oti(t1 -ty 0(t;>—t,,5 cd
1(13 w)+(14w)}_cd{1(1 w?) (G tw?)  Oti(t —twD) | 8t w)}__{tlz(tl_

3 4 5

3 2
t) - tP-tw®) 0Pt -tw®) 9(t15—tw5)} L& {tlz(tl —tw?)  (tt-tw®)
W 3 3 5 2 2 4

200 4 . 4 6_,. 6 3 2 3 4 5
Ota?(ts —tw") O(t:°—tw )}]+ & [ty — Qt;,) B (atzw +htw )+6(atw +bi‘g Ycfta(tity) —

4 6 6 4
t12—ty2 3ty —tw?) -t a6 t12(t3-t,3)
R e . - CHCEE I T S
t1°~tw®)
L))

We defuzzifi the fuzzy total cost TAC(t,,,t;) by graded mean representation method as
follows,

me,tl):%[TACl(tW,tl), TAC?(t,t1), TAC? (tu,t0)]

Where
— Ct,? dt,3 Qaet a’t,,?
TACr(tw,tl)— = [[cl - ¢, {c(t, T- —) - —1 - (tlzT- —)+ 1 }+ C37 [Quatty- —— TW
abt,® a26t," abOt,® bQt,? Qbot,* abt,? bty _LabBtWS_LbZGtW
6 4 10 = 2 4 3 8 5 12

0t1(t13—ty3) 0(t1*—t,,* t1(E1%—tw?)  (E15—tw3) Oti(t1* =ty | 0(t1°—ty° d
_ 1(13 W)+(14W)}-Cd{1(12 w)_(13w)_ 1(14 wh) | (15W)}-C—{t12(t1-

3 2
t) tP-tw®) 0Pt -tw®) e(tls—tws)} +d_2{t12(t1 —tw?) )
W,

3 3 5 2 2 4

200 4 . 4 2 3
Ottt D) OO Oy ey - ) - (et @l Dt ot -t) -

ae t12(t3-t,,3)

iy d0r
2 3

2_4 2 3 —t,3 gt d
t1 th} . ce{tl (t13 tW) o (tl 4tw )} _E{tlz(tl- tw) - !

Dby =123,

AC(t,)=[TAC, (tuta)+4TAC; (tut:)+TAC; (twtr)]

106 Pak.j.stat.oper.res. Vol.XIl No.12016 ppl01-109



Fuzzy Inventory Model for Deteriorating Items, with Time Depended Demand, Shortages, and Fully Backlogging

For minimum cost it should be,

OTAC(tyw,t1)_~ OTAC(tyw,t1)_

oty 0, oty 0
Provided it satisfies,
3%TAC (tw,t1) >0 9%TAC (tw,ty) >0
oty ! oty
O*TAC(tw,ts) ] [62TAC'(E,t1) ] [62TAC‘(E;,,t1) ]
- >0.
and [ dty,? at,? dty 0ty 0

4. Numerical Solution
For crisp model: Let us take the in-put value:

Ci |C|Cs|Cs| 6 Q a b |c| d | T

500 1|21 |01]100 | 5|10 |7 |10 2

And the out-put value:

tW tl TAC(tWatl)
0.100 | 0.266 | 266.162

For fuzzy model:
¢1=(450,500,550), ¢; =(0.9,1.0,1.1), ¢3=(1.8,2.0,2.2),
¢; =(0.9,1.0,1.1),

The solution of fuzzy model by graded mean representation is,
1) When ¢3,¢,,¢3,¢, are all triangular fuzzy numbers then,
TAC(tw,t1)=266.124, t,=0.100, t;=0.265
2) When ¢3,¢,,¢5 are all triangular fuzzy numbers then

TAC(ty,t1)=266.112,  t,=0.100, t;=0.266
3) When ¢3,¢; are triangular fuzzy numbers then,
TAC(tw,t1)=266.162 t»,=0.100, t,=0.266

4 When ¢; are triangular fuzzy numbers then,
TAC(tw,11))=266.162,  t,=0.100, t,=0.266

5.1. Sensitivity Analysis

We now examine to sensitivity analysis of the optimal solution of the model for change
in I, keeping the other parameters unchanged. The initial data from the above numerical
example.
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Parameter % of change TAC(ty,t1) tw ty

C,=250 -50 141.162 0.100 0.266
C,=375 -25 203.662 0.100 0.266
C,=500 0 266.162 0.100 0.266
C1=625 25 328.662 0.100 0.266
C,=750 50 391.162 0.100 0.266
C,=0.50 -50 258.081 0.100 0.266
C,=0.75 -25 262.121 0.100 0.266
C,=1.00 0 266.162 0.100 0.266
C,=1.25 25 270.202 0.100 0.266
C,=1.50 50 274.243 0.100 0.266
C3=1.00 -50 273.535 0.100 0.227
C3=1.50 -25 269.855 0.100 0.251
C3=2.00 0 266.162 0.100 0.266
C3=2.50 25 262.462 0.100 0.275
C5=3.00 50 258.758 0.100 0.282
C4=0.50 -50 264.458 0.100 0.269
C4=0.75 -25 265.323 0.100 0.268
Cw=1.00 0 266.162 0.100 0.266
C4=1.25 25 267.000 0.100 0.264
C4=1.50 50 267.839 0.100 0.262

5.2 Effect, for increment parameters

1) TAC(tw 1) increase rapidly, for increase of c;.
2 TAC(tw,t1) increase slowly, for increase of c;.

3) TAC(ty,t1) decrease slowly, for increase of cs.
(4)  TAC(tw,t1) increase slowly, for increase of c,.

6. Conclusion

In this paper, we have proposed a real life inventory problem in a fuzzy environment and
presented solution along with sensitivity analysis approach. The inventory model
developed with time depended demand, with shortages. Shortages have been allow fully
backlogged in this model. Here demand rate considered as (a+bt) in 0<t<t,, and it (c-dt)
in t,<t<t;. This model has been developed for single item.

In this paper, we have considered triangular fuzzy number and solved by graded mean
integration method. In future, the other type of membership functions such as piecewise
linear hyperbolic, L-R fuzzy number, trapezoidal fuzzy number, pentagonal fuzzy
number etc can be considered to construct the membership function and then model can
be easily solved.
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