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Abstract

This paper proposes a class of ratio-cum-product type estimators in case of post-stratification. Particular
members of the proposed class of ratio-cum-product type estimators have been identified and studied
thoroughly from efficiency point of view. It has been shown that the identified particular estimators are
more efficient than the usual unbiased estimator, Ige and Tripathi (1989) estimators, Chouhan (2012)
estimators, Tailor et al. (2016) estimator and other considered estimators. An empirical study has been
carried out to demonstrate the performance of the proposed estimators.
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1. Introduction

Cochran (1940) and Robson (1957) envisaged classical ratio and product estimators
which were studied in case of post stratification by Ige and Tripathi (1989). Recently,
Lone and Tailor (2014) and Lone and Tailor (2015) proposed ratio and product type
exponential estimators in case of post-stratification. Chouhan (2012) proposed class of
ratio type estimators using various known parameters of auxiliary variates in case of post
stratification. Tailor et al. (2015) proposed dual to Ige and Tripathi (1989) ratio and
product estimators. Tailor et al. (2016) proposed a ratio-cum-product type estimator in
case of post-stratification. Singh (1967) used information on population mean of two
auxiliary variates and proposed ratio-cum-product type estimator for population mean in
simple random sampling. Singh (1967) and Chouhan (2012) motivate authors to propose
the class of ratio-cum-product type estimators in case of post-stratification. Many
Researchers including Holt and Smith (1979), Jagers et al. (1985), Jagers (1986), Ige and
Tripathi (1989), Agrawal and Panday (1993), Singh and Ruiz Espejo (2003) Tailor et al.
(2011) and Tailor et al. (2015) contributed well in case of post-stratification.

Let us consider a finite population U = (U,,U,,...,U,, ) of size N which is divided into L
L

strata of size N;,N,,..., N, such that ZNh =N . Let y be the study variate and X is the
h=1

auxiliary variate correlated positively with the study variate y and Z is the auxiliary
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variate, negatively correlated with the study variate y. Let y,. be the observation on i
unit of h" stratum for study variate y and x,; and z,, be the observation on i unit of
h" stratum for auxiliary variates x and Z respectively, then

= —th, . h" stratum mean for the auxiliary variate x,
h i=1

S L :
Y, = —Z Y, -h" stratum mean for the study variate Y,

Ny, 3
_ 1
Z, N X, - h"™ stratum mean for the auxiliary variate Z,
h i=l
s la - : . :
X :WZZ ='W, X, : Population mean of the auxiliary variate X,
h=1 i=1 h=1
1 L Ny L
NZZ =>W,Y, : Population mean of the study variate y and

h=1 i=1 h=1

L
= ZWhZh : Population mean of the auxiliary variate Z .
h=1

A sample of size n is drawn from population U using simple random sampling without
replacement. After selecting the sample, it is observed that which units belong to h"

L
stratum. Let n, be the size of the sample falling in h™ stratum such thathh =n Here
h=1

it is assumed that n is so large that possibility of n, being zero is very small.

In case of post-stratification, usual unbiased estimator of population mean Y is defined
as

Yos = ZWh Yh s (1.1)

N, . . L .
W, N is the weight of the h" stratum and Vi =n—z Yo IS sample mean of n,
h i=l

sample units that fall in the h" stratum.

Using the results from Stephen (1945), the variance of Yy, to the first degree of
approximation is obtained as

Var( Vo, ) —(_—_ij s2 izhzil(l—wh Js2 (1.2)
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Ny

:ﬁZ(yhi _Y_h )2 .

2
where S,
i=1

Ige and Tripathi (1989) defined a ratio and a product type estimator in case of post-
stratification as

YR=y, (_X J (1.3)
X
and
A (1.4)
PS PS Z
L L
where Xpq = th X, and Z :th Z, are the unbiased estimators of population means

h=1 h1
in case of post-stratification and X, and z, are the means of the samples of size n, that

in case of post-stratification and X, and Z, are the means of the samples of size fall in
h™ stratum.

Mean squared error of the Ige and Tripathi (1989) estimators VPE and ﬁ,’; are

MSE( ):[———jZW (52, +R?s2 —2R;S )

(1.5)
and
MSE( ):(———jZW (s2 +R2S2 +2R,S . ). (1.6)

where

Chouhan (2012) proposed the following ratio type estimators for population mean Y in
case of post-stratification as

YARSD -

_ h=1
- yps

and
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L —
th(xh +th)

, 1.7)

L
th ()_(h + th)

h=1

W, (ih + Bon (X))

(1.8)
W, ()_(h + Bon (X))
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L
th(ih +pyxh)

hT_l
;Wh ()_(h + pyxh )

JRST _ o
YPS - yps

, (1.9)

Mean squared errors of the estimators ?PESD, ?FESE and ?PF;ST upto the first degree of
approximation are obtained as

A L
MSE(VPZSD):(%_% S'W, (S2 +R3 52 —2R,S,,, ). (1.10)

h=1

A L
MSE(VPESE):(%_% >W,(S2 +R2 S2 —2R , S, ), (1.11)

h=1

~ L
MSE(YPSST):[%_% W, (S% +R%S2 —2R S, ), (1.12)

h=1

Where as the product version of Y2°°, Y2°F and Y2°T can be written as

L

Z\Nh (Zh + Czh)

- — , (1.13)
th (Zh + Czh)
h-1

th (zh + Ban (Z))
YPZSE = yps h|_:1 (114)
2

W, (Z,, + £, (2))

and

d (1.15)

Upto the first degree of approximation, mean squared error of the estimators ?P'QSD, ﬁZSE

and Yo' are obtained as

A L
MSE(VPZSD):G _%)th (52, +R2%,S2 +2R ;S ), (1.16)
h=1
MSE(\?PSE)— 1 LISw,(s2 +R2,S% 2R ,S,) (1.17)
PS - n N e h\~yh m2 ~zh m2 “~yzh )1 '
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A L
MSE(VP?T ):(% - %)th (52 +R%,S% +2R ;S . ), (1.18)
h=1

where
vIyw, (X, +C,) i=1 YIyw,(Z,+C,) i=1
h=1 h=1
R, = V/iwh(ihw%(x)) i=2 and R = V/ZL‘,Wh(Z_wﬁzh(Z)) i=2.
- hfl B - ~ hEl B .
YIYW, (X, +p,,) =3 YIYW,(Z,+p,) =3
h=1

=
Il

1

Tailor et al. (2016) proposed a ratio-cum-product type estimator in case of post-
stratification as

L _ L

~ th X h ZWh zh

YP';P = yps h:|_1 h|_:1 _ (119)
ZWh )_(h ZWh h
h=1 h=1

Up to the first degree of approximation, mean squared error of ﬁzp is obtained as

A L
MSE(VPE" )— (%—%)ZW,] [s2 +R?S2 +R2S2 —2(R S, + R RS, —R,S . )| (1.20)
h=1

2. Proposed Class of Ratio-Cum- Product Type Estimators
In the line of Singh (1967), we suggest a class of ratio-cum-product type estimators for

estimating population mean Y as

L . L
th(a‘hxh+bh) th(chzh+dh)
h=1

t= Y, 5 e —— (21)
hth(ahxh +b,) hth(chzh +d,)
=1 =1

where (a, ,b,,c,and d,) are the function of population parameters of the auxiliary

variates.
To obtain the bias and mean squared error of the proposed estimator t, we write
Vv, =Y, (l+e,,), X, =X,(l+e,) and Zz,=Z, (1+e,, ) such that
E(eOh): E(elh): E(eZh) =0 )
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1 1
E(egh):(nw —N—]CSh,
h h

1 1
E(elzh):( —N—chzm
h

nw,
1 1
E(el,)= -—|C2,
(Zh) (nwh Nhj zh
1 1
E(eonen)= W _N_jpyxhcyhcxha
h h
1 1
SCHNE W _N_jpyzhcyhczh and
h h
1 1
E(e,e, )= - cC,C,.
(CHN nw, Nh]szh xh ~zh

Expressing (2.1) in terms of e’s, we have

L -1
_ ZWtheOh Z\Nhah Xnemn ZWhChZhezh
t=Y|1+ 2 7 1+ 1+

n m

t=Y (1+e,)A+e) " (1+e,)

:t—\?=\7(eo —e +e,+e/ —ee, —e0e1+e0e2) (2.2)
L _ L _ L _
ZWtheOh th a, X ey, thchzhezh
where e, ="t _——— =" ande, ="
Y X X

n m

Taking expectation on both sides of (2.2), we get the bias of the proposed estimator t
upto the first degree of approximation as

1 1 1 L 2 2 L
B(t): H_W X_ thth ay R, _ZWh ahSyxh
n h=1 h=1
1 L L
+ X_ {thchsyzh - ZWh Rnahch szh }:| (23)
m (h=1 h=1

Squaring and taking expectation on both sides of (2.2), the mean squared error of the
proposed estimator t, upto the first degree of approximation is obtained as
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L
MSE(t) = [%—ﬁ)ZWh [52 + R?825% + R2C7S% — 2R 8,5,
h=1

-2R, R,a,¢c,S

xzh

+2¢,R S | (2.4)

><‘-<|

V L . L _
where R,=~—, R,=-—, X, =Y W,(@,X,+b,) and X, =>W,(c,Z, +d,)-
m h=1 h=1

n

Equation (2.4) can also be written as

MSE(t)= A+R?B+R2C -2R,D-2R, R, E+2R F (2.5)
where
1 1)\
A= =—=DW,S2,
n N é h*~yh
L
-(1_1 W, a’s?
n NI
c-[1_ 1 iw c2S?
n N — h~h~zh 1

The MSE of t is minimum when

A

DE - BF (26)
R =——"" _R'(sa
n=gc_ gz n(s)

Putting (2.6) in (2.5), we get the minimum mean squared error of the proposed estimator
t as

IV|SEmin (t): A[l—p] (27)

(CD? + BF? — 2DEF)
A(BC —E?)

where p=
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Table 2.1: Some Known Members of t

Generated estimators

Values of Constant

a'h bh Ch dh
YAPFSe = Yes 0 1 0 1
Usual unbiased estimator
YAPE = Yes (_LJ 1 0 0 1
XPS
YLPZ = Vs (Zzéj 0 ! ! 0
Ige and Trapthi (1987) estimators
L j—
~ Z\Nh (X h + th )
Yo = Yos hT_l 1 Ca 0 !
th ()_(h + th )
h=1
L J—
~ th (Xh +IBZh(X))
i g 1 Pn () 0 1
th ()_(h + Bon (X))
h=1
L j—
Z\Nh (Xh + pyxh)
YPEST = Yo hT_l 1 Py 0 !
th ()_(h + pyxh )
h=1
Chouhan (2012) estimators
L - L
~ ZWh X h ZWh zh
Yo = Vos| - b=l - 1 0 1 0
Z\Nh Xy, thzh
h=1 h=1
Tailor et al. (2016) estimator
Z\Nh ()? ht th)
tl = yps et 1 th 1 Czh
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W, ()?h + Bon (X))

M-

=>
Il

1

W, ()_(h + Bon (X))

=
Il [l
uN

W, (zh +ﬂ2h(z))

>
I -
UN

W, (Z_h + Bon (Z))

=>

0 Mv-

LN

Wh()?h +pyxh)

M-

,_..
w
Il
<
g
1
N

M-

Wh ()_(h + pyxh )

=>
Il
iN

Wh (zh + pyzh)

=
Il [
UN

Wh (Z_h +pyzh)

>

"M

[aN

Bon(X)

p yxh

Bon(2)

pyzh

3. Efficiency Comparisons

From (1.2), (1.5), (1.6), (1.10), (1.11), (1.12), (1.16) (1.17), (1.18), (1.20) and (2.7), we
conclude that the proposed class of ratio-cum- product type estimators t would be more

efficient than

M) Voo if
p>0,
(i) VR if

L L
P> W,S2 > W, (R2S2 —2R 'S, )>0,
h=1 h=1

(i) Y2 if

L L
ph%:w“s;“ + h%:w“ (R?S2 +2R,S ,,)>0,
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(v) Y20 if
N 2 N 2 2
P> W,S2 +3 W, (R2S% —2R ;S )>0, (3.4)
h=1 h=1
(V) VRE if
- 2 - 2 2
P> W, 82 +> W, (R%,S% —2R .S, )>0, (3.5)
h=1 h=1
(i) YT if
L L
P W,S2 + > W, (R3S —2R S, )> 0, (3.6)
h=1 h=1
(viiy Y. if
L L
pYW,S% + > W, (R%,S% +2R S, )>0, (3.7)
h=1 h=1

(viii) Y7 if
L L
pYW,S2 +3W, (R2,52 +2R ,S . )>0, (3.8)
h=1 h=1

(ix) Y2 if

L L
P> W,S2 + > W, (R%,S2 +2R S, )>0, (3.9)
h=1 h=1
A

L L
PYW,S% + > W, [R2S% +R2S2 —2(RS 0 + R R,S ~R,S,, )] >0, (3.10)
h=1 h=1

Expressions (3.1) and (3.10) are the conditions under which the proposed class of ratio-

cum-product type estimator t is better than usual unbiased estimator Y, Ige and Tripathi
(1989) estimators Y. and Y., Chouhan (2012) estimators Y%, Y.2€ and V.27, Tailor

et al. (2016) estimator ﬁzp and other considered estimators YLPESD, ?PZSE and YLPZST.
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4. Study on the particular members of the proposed class of ratio-cum- product
type estimators t

To illustrate the general result, we have considered the new members t;,t, and t, of the
proposed class of ratio-cum- product type estimators t defined in table 6.2.1 as

ZL:Wh ()zh +th) ZL:Wh(zh +Czh)
t, =Yoo °T ot , (4.1)
Z\Nh ()_(h "'th) Z\Nh (Z_h +Czh)
Z\Nh (Xh + Bon (X)) th (zh + Bon (Z))
t2 = yps h|=_l h|_=1 B (42)
th ()_(h + Bon (X)) th (Zh + Ban (Z))
and
ZWh ()?h +pyxh) Z\Nh (zh +pyzh)
ty = Voo T el (4.3)
th ()_(h + pyxh ) th (Z_h + pyzh )

Upto the first degree of approximation, the mean squared errors of the estimators t,,t,
and t, are obtained as

L
MSE(tl) = (% - %) ZWh [th + Rr?lsfh + anuszzh - 2RnlSyxh - 2Rn1 les
h=1

MSE(t, ) = (1 —%)

n

+2R S ] (4.4)

xzh

Z\Nh [Syzh +R5,SE +R2,S5 —2R .S, — 2R, R ;S 0 + 2Rm28yzh] (4.5)

L
yxh

h=1

and

L
MSE(t3)= (%‘%)Z\Nh [Syzh + anssfh + Rrisszzh —2R 38, — 2R3 RS + 2RmSSyzh] (4.6)
het

5. Empirical Study

To exhibit the performance of the proposed estimators, two population data sets are being
considered. Descriptions of data sets are given by

Table 5.1: Population I- [Source: Chouhan (2012)]

y : Productivity (MT/Hectare)

X : Production in ‘000 Tons and
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Z : Area in ‘000 Hectare

Constant Stratum | Stratum 11
N, 10 10

n, 4 4

Y, 1.70 3.67
X, 10.41 289.14
Z, 6.32 80.67
Si 0.50 1.41
S 3.53 111.61
S, 1.19 10.82
Sy 1.60 144.87
Sy -0.05 -7.04
S.n 1.38 -92.02
Bon(X) 1.97 2.90
Bon(2) 4.12 3.66

Table 5.2: Population I1- [Source: Murthy (1967), p 228]

Z : Number of workers
y : Output and

X : Fixed capital

Constant Stratum | Stratum 11
N, 5 5

n, 2 2

Y, 1925.8 315.6

X, 214.4 333.8

Z, 51.80 60.60

S 615.92 340.38

S,, 74.87 66.35

S 0.75 4.84

S 39360.68 22356.50
Sy 411.16 1536.24
S 38.08 287.92

B (X) 1.88 2.32
Bon(2) 1.84 1.49
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Table 5.3: Percent Relative Efficiencies of the estimators V,,, VPE » Yoo, \?PESD, ?PF;SE ,

?pEST, ?PZSD,\?PZSE , ﬂg”, ?PEP, t,, t, and t, with respect to ¥, .

Estimators Percent Relative Efficiencies
Population | Population 11

Vs 100.00 100.00
Yoo 223.74 313.75
A 123.31 85.02
¥ 0 225.20 376.69
¥ e 233.80 384.14
v BT 227.49 378.73
¥ fs0 123.36 85.03
¥ s 123.38 85.43
Al 123.47 85.25
v 288.16 258.07
t, 291.07 404.85
t, 312.91 409.54
t 294.31 405.42

w

6. Conclusion

A class of ratio-cum-product type estimators for population mean has been defined. The
usual unbiased estimator, Ige and Tripathi (1989) estimators, Chouhan (2012) estimators
and Tailor et al. (2016) estimator have been identified to be the member of the proposed
class of ratio-cum-product type estimators t. Section 3 provides the conditions under
which the proposed estimator t has less mean squared error as compared to the mean
squared error of the other considered estimators. It is observed that particular members

t,, t, and t; have higher percent relative efficiencies in comparison to usual unbiased
estimator Y., lge and Tripathi (1989) estimators \7,,2 and VP’; Chouhan (2012)
estimators ﬁ,ESD, ?PESE and ?PF;ST , Tailor et al. (2016) estimator ﬁfg" and other estimators

?PQSD, YLP:SE and YLPEST. Hence, it can be concluded that the proposed members t,, t, and
t, are recommended for use in practice. Thus, it has been concluded that there is an

enough scope of generating better estimators from the proposed class of ratio-cum-
product type estimator t using suitable known parameters of auxiliary variates.
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