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Abstract

The aim of this paper is to derive a method for solving a stochastic linear programming problem with
Cauchy distribution. Assuming that the coefficients are distributed as Cauchy random variables, the
stochastic linear programming is converted to a deterministic non-linear programming problem by a
suitable transformation. Then an algorithm can be used to solve the resulting deterministic problem .A
numerical example can be considered to illustrate the above methodology.
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Introduction

Charnes and Cooper [6] first introduced the stochastic programming by taking different
objective functions and constraints. Various models have been suggested by several
researchers and most of the probabilistic model assumes normal distribution for model
coefficients.

Here we consider a stochastic programming problem with Cauchy distribution. A
stochastic linear programming problem can be presented as follows:

Max Z =>¢X;, 1)
j=1
Subject to the constraints,
Prob(Zaijxj Sbi]zl—ai, =12, ,m )
j=1
X; 20, j=12...... N,

Where 0 <0< 1 and are constants. It is assumed that a;; are independent Cauchy random
variables with known distributions for i =1,2,............... ,mand j=1,2,............... .
The main objective of this section is to find a solution for general stochastic
programming problems involving Cauchy distribution in the constraints.
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First we obtain the probability density function of the linear combination of ‘n’
independent Cauchy random variables, then using the probability density function, the
probabilistic constraints are converted to the deterministic constraints, and then the
resulting non-linear deterministic problem can be solved.

Probability distribution of U, = Za and the deterministic form of the probabilistic

ij 7]

constraint

Here we will find out the probability density function of random variableU; Zau i

where ajj, j=1, 2......... n are independent Cauchy random variables and x;, j=1, 2, ...... ,n
are variables .Then using it we find a deterministic form of the probabilistic constraints in
a stochastic linear programming problem. The density function of U; can be obtained by
studying the special cases with n=2 and n=3. Let us consider a model involving only two
random variables, the i probabilistic constraints can be stated by

Prob(a, X, +a,X,)<b >1-a;, i =12,.ccccorurn..e.. ,m

Where aj; and aj, are two independent Cauchy random variables

Let U; = aj1X1 + aipXo

Then the density function of U; can be obtained as,

U)= 1 [e™ o, )t
27 =, (Using Levy inversion theorem)

_ 2i J'e*““e’(X“XZ)‘t‘dt

- -
_ 1 Je—ltu (X%, ) dt_’_J‘efltU X1+Xz)tdt

—0

_ = Te“”e("“XZ)tdt n J'efi'[ue—(xlﬂ2 )tdt
0

L0
_ |:Teitue(x1+x2)tdt+ Teitue(x1+x2)tdt:|
0 0
|:Te (X +x%;—iu dt+‘[e (Xg+Xy+iu dt}
0

) e—t(x1+x2+|u) ®
{ (X, + X, —iu)Jr — (%, +x, +iu)}
S
2z (

27| (%, + X, —iu) (X +X, +iu)

i

—t(X+X,—iu
e (1 2

'SRIH Q’l'*
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:i{ 2(x, +x,) }

27| ((x, +x, ) —i%u?)

— (X1+X2)

B Lz((x1 +X, ) + uz)} )

Hence i™ probabilistic constraints can be made deterministic constraints by integrating
the probability density function of u; as stated below,

by

J'f(ui)dui >l—c, =12, ,m

0

This can be simplified as follows,

j u ——J o) g, ©)

x +%, ) +U, )

If u, =a,X +a,X,

U —a. X U —a.,X
Then x, =——%**% and x, =——=*+
ail ai2
U —a,X u —a.,x
NOW X1-|-X2 — i i27%2 + i i1
ail ai2

2 2
U (ail + aiz)_(ail X +a, Xz)

a'ilai2
2 2
Let A= ail_‘_aiZ and B= a‘il x1+ai2 X2
a'i1ai2 a'ila'i2

Then, x, + X, = Au, — B = p(Say)

Now putting the above values in (5)
b

" Ly LT (Au, - B) N
A e

[
. A(p {pm

1
v
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_1 pdp
T 1 2B 2
B A{(HAszer(Az)erAz}
_iAb‘i'.—B odp
T % ((A2+1) , (2 2
AU P e P
_iAbe ndp
T | AP+1) (ZBJ B?
p*+| T |ty
A A A
2 2
Let R=a+bt+ct?, where ¢ = A +l, b :% and a:% then,
A=4ac—b2=4BZ>0andjtd—t=i|nR—3 a (c.f [42] , Page 68)
R 2c 2c' R

(Z/EJ P dp
J

A B g e Ty

P+

A A A A A |
Ab;-B
2B A? +1
—+2 p
_1 ! In A% +1 p2+(2—B)p+B—2 __B 2 arctg A A
V4 2[A2+1j A A A A? +1./4B2 4B?
A
-B
d 2 b+2ct ).
Because | —=-—=—arctg| ——— |,ifA>0 (c.f[42], Page 68
57 g(ﬂj (c.f [42], Page 68)
Ab;—B
1 1 AZ+1) , (25) B2 1 1 (A*+1
=— In p°+| — |p+—————arctg<—+ p
r 2(A2+1j A A Al A?+1 A AB
A

-B

- 71T 2( Ai +1j In{[ A2A+ 1j(Abi By +(2ABj(Abi ~B)+ Ei:} _A21+l arctg {i\ { A/:B”](Abi - B)}
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i o]l (5
A

A? +1)A%, + B2 —2AbiB)+ 2AbB 28> B’

|

1 A A A A
K {1 Ab, AZB+Ab—B}
- arctgs —
A2 +1 A
1H A }I {AZBZ B2 2B’ BZ} 1 {1 A’B BH
-— n +—= +—r= arctg<————-——
7|1 2(A? +1) A A A Al A4 A AB AB
A L, A“biz+A282—2A3biB+A2bi2+Bz—2AbiB+2bB_B_Z
1| 2(A% +1) A A
P 1 {1 A%, b 1 j
———arctg| —+ e
A% +1 A B B A
1 A 1
—-= In(AB? )— arctg(— A
(e eet) et )
_ X X B}
f In Asbiz+A82—2A2biB+Abi2+B——2biB+2biB—B— ~In(AB?)
2|A° +1 A A
1 1 A%b, b,
=— - arct -+ ——A|—arctg(— A
s A2+1{ g( B B ] ol )}
A [(A+1)an’ 24 B + AB? |
2(A? +1) (AB?)
1 1 A’b. b,
== — ———Jarct “+——A|-arctg(— A
T A2+1{ g{ B B J ol )}
A (A +1)ap,2  2A%Bb, (A% +1)Ab?] 1 A?b, b,
| L ! - tg| —— +—— A|—arctg(- A
_1 2(A% +1) n{ AB’ AB? | AB? PN ke IR arcig(~ A)
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A A?+1) , 2Ab, 1 b (.,
In b ——+1} — arctg| =—(A° +1)- A|—arctg(— A
T

On substituting the values of A and B,
bl

.[ f(uihui =

0

1 1Y a a,) [ B, @
24| =+ +1 X, X, (X = x 'Zj
{(ail aizj } [ fa, auj fa, Ay (6)

3|+

2
8 a
i+ ! +1 (Xl 1+X22J
a; &, &y

Proceeding as in above for the cases of three variables, the i probabilistic constraints can
be presented as,
Prob(a, X, +a,X, +a,%;)<b, >1—a;, i =12, e, ,m

Where aj1, aj; and ajz are three independent Cauchy random variables
Let U, =a;;X +a;,X, +3;3%;

Then the density function of U; can be obtained as,

fU)=— Je 0,001
2r - (Using Levy inversion theorem )

o0
J‘ —|tu (% +Xp +Xg Mdt

—00

])‘enu (X +%p+X3) dt_’_J‘e—nu —(xl+x2+x3)tdt:|

—o0 0

1
2r
1
27

|tu x1+x2+x3)tdt +J‘e—|tu x1+x2+x3)tdt
0

0

L0

_ i J‘eltue XX +Xg ) dt+je—ltu (XX % tdt
LO
LO

e~ t(% +Xp+Xg—iU dt+je (X +Xg+Xg+iU dt:|
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1 e—t(x1+x2+x3—iu) e—t(x1+x2+x3+iu) ®
= +
— (X, + X, + X, +iu)

27| — (X, + X, + X, —iu)

1 1 . 1

S 2| (X X+ Xy —iU) (% + X, + X, i)
1[0 2% +%,+%,)

27| (%, +%, +%,)° —i%u?)

{ (6 %+ ) } o

(X + % + % +U?)

Hence i™ probabilistic constraints can be made deterministic constraints by integrating

the probability density function of u; as stated below,
by
J‘f(ui)olui >l—c, i=12nnnn. ,m
0

This can be simplified as follows,

I (u ), = f(( brx ) g, ®)

X+ X, +% ) +U,°)

If U, =a, X +a,X, +3,3%,

U, —a,, X, —a3X
Then X1: i i2”2 i373 ’
a
X Ui —ap X —aigXs
, =
a;
U, —a; X; —a;,X
and X3= i i1l i27%2
a3
Now X, + X, + X, :ui — A Xy — Q3% +ui — A X — iy +ui — X — 8%,
ay i, A3
1 1 1 a;, a a, g a; q
= i[—+—+— — Xy = x| 2R x| R R
& &y 8 Ap A3 Az Ay & Qp
q, +a,, +a

Let 3

and B ={x{i+i}+ x{ﬂjLﬂ}rxl[ﬂjLﬂJ}
&z Qg S E T &

Then, X, + X, + X; = Au; — B = p(Say)

Now putting the above values in (8)

.ff(u )ju _I (AU(AU ;Ii_)uiz)dui
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Finally we generalize the results to ‘n’ independent random variables and the result may
be stated as follows

Prob(a, X, +a;,X, +.cocveerrernrrennee. +a, X, )<b >1-a,, i=12,
Where aj1 ,a;

Let U; = aj1X1 + aipXs +

b;

f 1% (Ay, -B)
Then, | f(u; du; =~ ' du,
'([ (uH ﬁo((Aui—B)2+ui2)
' w
n n 2 n
s e,
J=1 au2 In i1 & zbi2 =1 %jj 1
? Zn:] +l 3 x, b Y x,
(J=l a;; g;xl a, %}Z_; j a,
k#j %
_1 (10)
d 2
(5]
_;2 arctg - —(Zn: 1J —arctg —(Zn:i]
n 1 A = a;
(z 1} +1 Ny i o o
2 LA
i=1 & %jﬂ la,
- ]
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Deterministic model of stochastic linear programming

Assuming a; to be independent Cauchy random variables, the stochastic linear
programming model as stated in (1), (2) and (3) can be converted to a deterministic linear
programming problem as

Maximize
E[z]= Y E[c, [x, (12)
j=L
Subject to the constraints,
n n 2 n
Ba) L |Ba)n, A5k
=1 &jj In -1 &j b2 =1 &jj ‘1
2 2
1= i k=1 j=1 " ay k=L j=1 "y (12)
1 k=] k=]
== <l-g¢;
T
n 2
b, {( :J +1J
_;2 arctg s — {Zn: l} —arctg — [Zn: 1}
(Zﬂl l J +1 5O a; i1 & =1 &
i1 & kzzl“ = X; a,
L k=] .
X; >0 =12, .n (13)

Then we present a numerical example to illustrate the methodology.

Let, an=5, a=4, a13=8, an=10, axp=2, ax=20
b1=10, b,=20, ¢, =0.05and «, =0.1
Maximize, Z=5X,+6 X, +3 X,
Subject to the constraints,
0.575 0 133.0625 3 115 1
1]2.66125 |(1.875x, +1.3x, +3.6x,)° (L.875%, +1.3x, +3.6x,) 005
~ <0.
—(;j arctg 133.0625 —(0.575)—arctg(- 0.575)
1.330625 (1.875x, +1.3x, +3.6x,)
0.65 56.9 26
In 5 — +1
1| 2.845 {(5.5x1 +0.3x, +12x, ) (5.5%, +0.3x, +12x,) } < 0.01
~ <0.

28.45

1
- arctg
(1.4225]{

X, X, and x; >0

(5.5%, +0.3x, +12x;)
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By using the Genetic Programming we found the optimum solution for the above
program is

x, =1.741, x,=1748, x,=1727 and E[Z]=23.886
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