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Abstract

In this paper we have derived the distribution of multivariate order statistics for multivariate exponential &
multivariate weibull distribution. The moment expression for multivariate order statistics has also been
derived.

Keywords: Multivariate exponential distribution, Multivariate Weibull distribution,
Order Statistics, Moments.

1. Introduction:

Let X;, X5, X, be a set of p random variables with density function fi(xi) and

distribution functionFi(xi). Gumbel (1958) provided following method of obtaining
joint density of the vector x as:

f(x)zﬁ i(xi){lwlﬂ[{zl:i(xi)—l}} (1.1)

i=1 i=1

Suppose Y is another random variable with density function f(y) and distribution
function F (y) then the joint density of Y and x may be obtained by using:

f(y,x)="f (y)xlii[ f (xi){1+¢9{2F(y)—l}x1:[{2Fi (xi)—l}} 1.2)

which can be used to generate multivariate distributions based on any available marginal.
Several authors have used (1.2) to propose multivariate distributions.
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Order Statistics has been extensively studied by many authors. Specifically, the
distribution of rth order statistics as given in David and Nagaraja (2003) is

r-1
1E(r:n)(x) (r- 1) [F ] [1 F(x ]
where F (x) is distribution function of the parent distribution.

The univariate order statistics for special distributions has been extensively studied by
several researchers in context of their application in extreme events. The order statistics
has also been used to study the concomitants for bivariate distribution as discussed by
Veena and Thomas (2008).

The multivariate order statistics has been area of researcher in recent years. Belzunce et
al (2003) has presented the idea of multivariate order statistics but not with much
applicability. Barakat (2009) provided some results for multivariate order statistics for
dependent random variables. Arnold (2009) has developed the density of multivariate
order statistics of a random vector X by using the idea of concomitants. The density of
multivariate order statistics is obtained by using:

flem) () = W QO IFO] -F] vy @)

where f (y|x)is the conditional distribution of Y given X . Hafeez et al (2011) discussed
the bivariate order statistics for exponential distribution by using (1.3).

In this paper we have studied the multivariate order statistics for exponential and Weibull
distribution. These distributions have been discussed in the following sections.

We first define a multivariate exponential distribution by using (1.2). Suppose that every
component of vectorx has common Exponential Distribution with density and
distribution function given as:

fi (Xi)zaie—aixi and F| (Xi)zl_e—aixi .

Further, suppose that the random variable Y also has Exponential distribution with
density and distribution function as:

f(y)=pe” and F(y)=1-e”

The joint density of Y and X is obtained by using (5.2.2) as:

f(y,x)= ke exp(—gaixi]{u 9(1—2e-ﬂy)f[{1—2e*“ixi }} (1.4)

i=1

wherek = ﬁai .

i=1
The joint marginal distribution of X is obtained from (5.2.4) as:
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= [ pre” exp[—iz;ai X j{u o(1- 2eﬂy)]£1[{1— 26 }}dy

—k exp[—izi;aixi j j: Be {1+ o(1- 2eﬁY)1:[{1— g% }}dy
:kexp[_iaixi]

i=1

The conditional distribution of Y given X is:

f(y[x)= ff(z/)’:)()

Lke? exp(—iz_pl: X ){u 9(1—2eﬂy)1i[{1_2e-aixi }}
f(ypx)=pe” {“ o(1- Zefﬂy)lﬂl{l— 2e™" }} (L5)

i=1

f(y[x)=

The distribution of ™ multivariate order statistics is derived in the following section.

2. R"™ Multivariate Order Statistics for Exponential Distribution

In this section the r™" multivariate order statistics for exponential distribution has been
derived. The density of r' multivariate order statistics is obtained by using (5.2.5) in
(5.2.2) as:

nl!

frn (X) =m f (x)_]: f(y/X)F(y)] ' L-F(y)""dy (2.1)

p

fo(X)= %k exp( > ax ]I(l—e‘ﬁy)r_l(e‘ﬂy)n_r pe ' [L+0(1-2e7)

i=1
p

[ T(2—2e* )1dy

i=1

fo0(x) =%kexp[ za,x,]wwﬁ(l_zw)

Iﬂe—ﬁy (1_e—ﬁy)r ( —ﬁy) dy — ZIﬂe 28y 1 e—ﬁy) ( —ﬂy) rdy}
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2r

frn(X)= W('n—r)' k exp(—iz_pl: a4, JW[B eli[(l— 26 )(n_+1 —lﬂ

i=1

f.(X)= kexp(—izpl:aixij[l+ 9ﬁ(1—2e—“ixi )(Zrn_—fl_lﬂ 22)

P
wherek =] [« .
i=1
The moments of '™ multivariate order statistics are derived in the following section.

3. Moments for Multivariate Order Statistics for Exponential Distribution

In this section the Moments for r" multivariate order statistics has been derived. The k™
joint moment of a set of random variables is given as:

E(xltn,x;n, ...... Xp'r‘:n):T]'i ...... Txlkx; ...... for;n(xl,xz,....xp)dxldxz....dxp (3.2)

O O N R I R xikexp(—gaixij

E(xltn’ thn’ """ p:fn J-Xlkae a1X1dX1J.X a,e azxzdx ..... J. X’k)ape_apxpdxp

0

+ 9(—2:;1_ 1)! X oe * (1-2e7" ) dX1£ Xya,€ % (1- 27 ) dx,

k “@pX2p (1 _ 9a %%
Xoureenns xjxpape (1 2e )dxp
0

Or

E(Xllr(n’le:n' """ prn) HI (Zr n- ljﬁMt (32)

n+l /)44

0

where 1, =J'xlkate*"'x‘dxt; t=12,...,p

0

M, :Txtkate“‘x‘ (1-2e*)dx;  t=12..,p
0
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Consider: 1, = _[ X o, 8 “*dx,
0

Let w= g, X, = dw = dX, ;X -V
a,

t

17 o w
t:_kj dW__k (k+1)
0

t t

Now consider M, as:

M, = T X e (1-2e7 ) dx,
0

M, = ikTvvtkeW‘ (1-2e™ ) dw; with w, = %

t 0
'(k+1)(2%-1
ot
t

Using values of I, I,,.....1 , &M, M,,...M in (5.4.2) we have:

E (X, Xigore X h) = = 1 Lot 19( ”1j

-9 (28 e

& (2) & @) 4 @)
k k : (I_l) s (I_l)( ) r-n-
E(Xyf Xotprooon X ot ) =] | +1] 7 9(2 — 1)

oo o

E (X X, xp‘;zn)z(lkpﬂ) +(|kp+l) {0(2rn—fl—1j(2k2k—1j} (3.3)
H“ik H“ik

i=1 i=1

The moments of specific order can be obtained from (3.3).

4. Multivariate Order Statistics for Weibull Distribution

In this section the multivariate order statistics has been discussed. For this suppose that
every component of vector x has common Weibull Distribution with density and
distribution function given as:

f(x)=axexp(—x“) and  F(x)=1-exp(-x");
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Further, suppose that the random variable Y also has weibull distribution with density
and distribution function as:

f(y)=8y""exp(-y’)  and F(y)=1-exp(-y’).
The joint density of Y and X is obtained by using (1.1) as:

f(y,x)=pke™” eXp(—gaixi]{u o(1-2e")

wherek = ﬁai .

i=1

{1-2¢7 }} (4.1)

p
i=1

The joint marginal distribution of X is obtained from (4) as:

f(x)=[ pre? exp[—gai X J{u 0(1—2e‘ﬁy)ﬁ{1—2e’“ixi }}dy

i=1

f(x)=k exp[—é:ai X j j: Be P {1+ 9(1—2e-ﬁy)]£[{1— 2e~%% }}dy

i=1

The conditional distribution of Y given X is:

f(yp) =)

£(x)
Bke ™ exp(—zp: a,x ){u 9(1_29_ﬁy)1£[{1_26,%xi }}

i=1 i

f(Y|X): kexp(—zp:a.x.] =

i=1

f(ylx)=pe" {1+ 0(1—2e‘ﬁy)1£[{1—2e’“ixi }} (4.2)

i=1

5. R" Multivariate Order Statistics for Trivariate Weibull Distribution

In this section the r'" multivariate order statistics for multivariate weibull distribution has
been derived. The density of r'™" multivariate order statistics is obtained by using (4.2) in
(1.2) as:

f(y/x)=py e {1+ 9(1— 2e”" )ﬁ(l— 2e" )}

i=1
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n!

foo ()= i (X)_]; F(y/X)F (Y)I'-F (y)I""dy
f. (X) = W(In—r)' kli[ Xia'_l EXp(—Zp: X j

i=1

Tﬁ‘y"*e‘yﬁ (1-e )r_l(e-y” ) (1+ o(1-2¢ ))f[(1—2exi“' Jey

e w JEA

fon (%) = (r n!

1B VA YA A ¢ 1 _oyh VAU
{_([ﬂyﬁ gV (1—e ¥ ) (e ¥y ) dy—2£ﬂyﬁ e (1—e 4 )

(
- klj x4t eXp{_inl: X j{u Hﬁ(l— 274" )( 2r—n —1)} 5.2)

i n+1

wherek = ﬁai

i=1

6. Moments for Multivariate Order Statistics for Trivariate Weibull Distribution
In this section the Moments for r'" multivariate order statistics has been derived;

E (X s Xphiseren przn):ﬁ ...... Txlkx;‘ ...... XS Frp (X0 Xp0onn X, JAX XX, (6.1)

E (Xyfin X g vvvee Xp‘::n)zﬁ ...... Txl"x;‘ ...... x;kﬁxi“ilexp[—ixi“ij

00 0 i=1 i=1
{1+9H(1 2¢ 7 )(zrnfl_lﬂdxldxz....dxp
=1
E (X, Xk X k) = HI (zr_n_ljxﬁMt (6.2)
n+1 i}

where |, = T X o x e dx,
and M, _[xta @l (1 2e ™" )dxt

Consider I as:

= [Xax e dx,
0

l, = %jvvtk/”“ewtdwt =T'(k/ey, +1)
t
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Now consider M, as:

M, = T X o x e " (1— 2e7%" )dxI

° klay
0

Using values of I, I,.....I1 &M ,M,,....M in (5.7.2) we have:

E (X X xpt_n)=£+1 L LI e(zr n 1)
' a, a, a, n+1
k/al _ k/az _ k/ap —
L+1 Zk—/l .L+1 2 7 1 ....£+1 2k—a1
o, 27 ) a, 21 a, 2/
bk blk (29 -1) (2r-n-1
E(XS, X X ) =T T|—+1+[ [|—+1 0
( 1rine N 2rn pr.n) 1|:_1[ a, ];[ a, ( ok/ai ] n+1

—n— Ko _
E (X X, v xpiin)zf[hﬂw(zr—nljﬁﬁﬂ(zzk—/%l] (6.3)

The moments of specific order can be obtained from (6.3).
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