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Abstract
In this paper, the Modified Technique for Order Preference by Similarity to the Ideal Solution (M-TOPSIS)
model has been extended into the intuitionistic fuzzy environment. By applying the improved score
function first, to represent the aggregated effect of positive and negative evaluations in the performance
ratings of the alternatives based on interval-valued intuitionistic fuzzy set (IVIFS) data and in combination
with the weighted normalized Euclidean distance for the computation of the separation measures of
alternative(s) for the intuitionistic positive and negative ideal solutions. The two methods which have been
used for the computation of the separation measure have been integrated using a new reflection
defuzzification integration formula which has been introduced in this study. To prove the efficacy of the
proposed model, the model have been applied for the evaluation and selection design concept for a new
printed circuit board (PCB), and for a modified hypothetical example which is based on the selection of a
preferred Naval vessel as a reference for a new design.

Keywords: M-TOPSIS; Improved score function; Weighted normalized Euclidean
distance; Intuitionistic fuzzy set; Design concept selection
1. Introduction
In solving multi-criteria decision-making (MCDM) problems, such as in equipment
selection, material selection and in the evaluation of process performance etc., it is
required that several factors/criteria are considered simultaneously before selecting or
ranking alternatives. The Decision-Makers (DMs), preferred alternative(s) are chosen by
providing the preference information in the form of exact numerical values, interval
values (Joshi & Kumar, 2014) or in the form of linguistic variables (Nguyen, Dawal,
Nukman, Aoyama, & Case, 2015). However, according to Hosseininasab &
Dehghanbaghi,(Hosseininasab & Dehghanbaghi, 2015) such preferences information’s
are often characterized by ambiguity due to vagueness and uncertainty. This ambiguity
due to vagueness and uncertainty has remained one of the big challenges for DMs during
the last several years and this has resulted in more and more interest in the topic from
researchers.
In handling vagueness and uncertainty issues, Zadeh (Zadeh, 1965), who introduced the
concept of fuzzy set theory, has outlined how the fuzzy set concept could be used for
characterizing complex systems and decision-making problems. This breakthrough
resulted in the extension of the different MCDM techniques in fuzzy environment. One of
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such extension includes; the fuzzy technique for order preference by similarity to ideal
solution (fuzzy-TOPSIS) which was developed by Hwang and Yoon in 1981 (Hwang C.
L. & Yoon K., 1981). The fuzzy-TO PSIS model which is one of the most widely used
MCDM methods and has found application in several fields with much-reported works
on its applications. Some of the fields of studies identified include; Accounting
(Bulgurcu, 2012), Management (Jadidi, Hong, & Firouzi, 2008), Agriculture (Pakpour,
Olishevska, Prasher, Milani, & Chénier, 2013), Chemical science (Soufi, Ghobadian,
Najafi, Sabzimaleki, & Yusaf, 2015), Design (Yang & Wu, 2008), Business (Ghazanfari,
Rouhani, & Jafari, 2014), Engineering (Zhu, Wang, Liang, Li, & Sun, 2012), Health and
medicine (Chou, Yu, Dewabharata, & Dat, 2012), etc.
However, due to some of its limitation, many different improvement and modifications
have been proposed and applied in recent years, prominently among this improvement
include the M-TOPSIS model by Ren et al., in 2007 (Ren, Zhang, Wang, & Sun, 2007).
M-TOPSIS which is an abbreviation of Modified Technique for Order Preference by
Similarity to the Ideal Solution was presented to meet the need for a better and simpler
approach with special regard to the TOPSIS rankings. It creates an understanding of the
inherent relationship between the Relative closeness (R) value and alternative evaluation.
The M-TOPSIS method is “described as the process of calculating the distance between
the alternatives and the reference points in the D+D−-plane by constructing the R value to
evaluate the quality of the alternative” (Ren et al., 2007) (see figure 1).

Fig 1. The idea of ‘M-TOPSIS’ method (Ren et al., 2007).
The M-TOPSIS method is unique for its ability to solve ranking reversal issue which is
one of the drawbacks of the TOPSIS model and to evaluate failure when alternatives are
symmetrical.
In 1986, Atanassov extended the fuzzy set theory to form a new theory called
intuitionistic fuzzy set (IFS) theory (Atanassov, 1986). Unlike the traditional fuzzy set
theory, the IFS theory is characterized by a membership function and a non-membership
function. According to Datta et al., (Saurav Datta, Chitrasen Samantra, Siba Sankar
Mahapatra, Goutam Mondal, Partha Sarathi Chakraborty, 2013) the IFS theory are more
capable than the traditional fuzzy sets at handling vagueness and uncertainty information
in practice. While Liu & Wang, (H.-W. Liu & Wang, 2007), Xu & Liao, (Xu & Liao,
2015) and Xu & Liao, (Xu, Member, & Liao, 2013) has described three (3) benefits of
applying IFS theory in practice to include; (1) IFSs are able to model unknown
information using hesitation degree, that is in a situation where the DMs are not sure
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about the preferences of an alternative(s), the IFS theory method is most suitable to
represent the opinions of the experts as compared to the fuzzy sets. (2) It represents three
grades of membership function which include membership degree, non-membership
degree, and hesitancy degree, and (3) all fuzzy numbers in the IFS theory can all be used
to represent vagueness of “agreement” but, cannot depict the “disagreement” of the DMs
however. Hence, the IFS can be said to consider opinions from three sides to arrive at
preferred one.
Extensive literature review show that the application of IFS in MCDM problems has
increased significantly over the past few years, with many research literature published
both on the theoretical and practical aspects of its applications (Bai, 2013; Chen & Chiou,
2015; Jahromi, 2012; Li, 2005; Lin, Yuan, & Xia, 2007; M. Liu & Ren, 2014; Xu, 2014),
where this is due to the fact that IFS are more capable than the traditional fuzzy sets at
handling vagueness and uncertainty information in practice as stated above.
In summary, this paper extends the Modified Technique for Order Preference by
Similarity to the Ideal Solution (M-TOPSIS) model for an intuitionistic fuzzy
environment by implementing partly the intuitionistic algorithm proposed by Bai,(Bai,
2013), which uses improved score function for the separation measures of alternative(s)
for the positive and negative ideal solutions. In improving the result and to avoid the bias
of using a single separation distance measure or the confusion in determining the specific
separation distance measure that is fittest which is almost becoming a decision-making
problem itself, due to the many methods approaches available. This study will be
exploring the application of an additional distance method (the weighted normalized
Euclidean distance). The result from the improved score function method application is
made robust by integrating it with the weighted normalized Euclidean distance method
using a new reflection defuzzification integration formula.
The relative importance of the criteria used in this study has been determined using the
fuzzy Delphi (FD) method, by expressing the collected values in Triangular Fuzzy
Number; however other values are collected and expressed in Interval-valued
intuitionistic fuzzy numbers.
The proposed integrated fuzzy Delphi method and Interval-valued Intuitionistic fuzzy
MTOPSIS (IVIF-MTOPSIS) model has been applied to a real life case study by
evaluating and selecting the best design concept for a new printed circuit board (PCB)
and for a modified hypothetical example which is based on the selection of a preferred
Naval vessel as a reference for a new design.
The rest of the paper is organized as follows; Section 2 briefly presents the concept of
IVIFS and the FD method. The IVIF-MTOPSIS model is presented in section 3. In
section 4, a real case study and a modified hypothetical example originally presented by
Ye,(Ye, 2009) is applied to demonstrate the proposed method and to compared the result
of the model. Finally in section 5, the conclusion is presented.
2. Preliminaries
In this section, the fundamental definitions and concepts of IVIFS as described by Bai
(Bai, 2013) is presented.
Pak.j.stat.oper.res. Vol.XIII No.2 2017 pp425-438
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2.1. Interval-valued Intuitionistic Fuzzy Set
Definition 1
Let D[0, 1] be the set of all closed subintervals of the interval [0, 1] and let X(≠ ∅) be a
given set. An IVIFS A in X is expressed as (Bai, 2013) (Ye, 2009);
𝐴 = {⟨𝑥, 𝜇𝐴 (𝑥), 𝑣𝐴 (𝑥)⟩ |𝑥 ∈ 𝑋},

(1)

where 𝜇𝐴 : 𝑋 → D[0, 1], 𝑣𝐴 : 𝑋 → D[0, 1]
𝑠𝑢𝑝 𝑣𝐴 (𝑥) ≤ 1, ∀𝑥 ∈ 𝑋.

with

the

condition

0 ≤ 𝑠𝑢𝑝 𝜇𝐴 (𝑥) +

The intervals 𝜇𝐴 (𝑥) and 𝑣𝐴 (𝑥) denote, respectively, the degree of membership and nonmembership of the element x to the set A. Thus, for each 𝑥 ∈ 𝑋 the intervals 𝜇𝐴 (𝑥) and
𝑣𝐴 (𝑥) are closed and their lower and upper end points are denoted by
𝜇𝐴𝐿 (𝑥), 𝜇𝐴𝑈 (𝑥), 𝑣𝐴𝐿 (𝑥) and 𝑣𝐴𝑢 (𝑥)respectively. We can denote the set as;
𝐴 = {⟨𝑥, [𝜇𝐴𝐿 (𝑥), 𝜇𝐴𝑈 (𝑥)], [𝑣𝐴𝐿 (𝑥), 𝑣𝐴𝑈 (𝑥)]⟩ |𝑥 ∈ 𝑋},

(2)

where 0 ≤ 𝜇𝐴𝑈 (𝑥) + 𝑣𝐴𝑈 (𝑥) ≤ 1, 𝜇𝐴𝐿 (𝑥) ≥ 0, 𝑣𝐴𝐿 (𝑥) ≥ 0
For each element x, we can compute the unknown degree (hesitancy degree) of an
intuitionistic fuzzy interval of 𝑥 ∈ 𝑋 in A which is defined as follows:
𝜋𝐴 (𝑥) = 1 − 𝜇𝐴 (𝑥) − 𝑣𝐴 (𝑥) = [1 − 𝜇𝐴𝐿 (𝑥) − 𝜇𝐴𝑈 (𝑥), 1 − 𝜇𝐴𝐿 (𝑥) − 𝑣𝐴𝐿 (𝑥)]

(3)

However, if 𝜇𝐴 (𝑥) = 𝜇𝐴𝐿 (𝑥) = 𝜇𝐴𝑈 (𝑥) and 𝑣𝐴 (𝑥) = 𝑣𝐴𝐿 (𝑥) = 𝑣𝐴𝑈 (𝑥), then the given
IVIFS A is reduced to an ordinary IFS. For convenience, the IVIFS can also be expressed
as 𝐴 = ([𝑎, 𝑏], [𝑐, 𝑑]).
In order to make comparisons between two IVIFSs, metric methods have been introduced
by several researchers (Li, 2010)(Ye, 2009), however, in this study we will be concern
with the improved score function originally proposed by Bai (Bai, 2013), for the ranking,
and the representation of the aggregated effect of positive and negative evaluations in the
performance ratings of the alternatives based on IVIFS data in the M-TOPSIS model. The
computation formula for the improved score function is given as;
𝐼(𝐴) =

𝑎+𝑎(1−𝑎−𝑐)+𝑏+𝑏(1−𝑏−𝑑)
2

, where 𝐼(𝐴) ∈ [0,1]

(4)

When a = b and c = d, the IVIFS will degenerate to the IFS while the improved score
function of IVIFS will degenerate to the score function of IFS proposed by Ye, (Ye,
2009).
2.2. Fuzzy Delphi (FD) Method

The Fuzzy Delphi (FD) method which is an extension of the traditional Delphi method
was proposed by Ishikawa et al.,(Ishikawa et al., 1993) to improve and handle vagueness
and uncertainties in its application. The FD method which integrates expert’s opinions
with fuzzy numbers by using the concepts of cumulative frequency distribution and fuzzy
integral to handle the ambiguities due to the differences in the meanings and
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understanding of the experts’ opinions and estimates (Wu, 2010), can be called a
collective decision-making method (Linstone & Turoff, 2002).
Due to the easy computation of the FD methodology, it has found applications in several
fields including management (Tahriri, Mousavi, Hozhabri Haghighi, & Zawiah Md
Dawal, 2014), engineering (Hsu, Lee, & Kreng, 2010), construction (Vrinda & Kalappa,
2014) etc. In an attempt to handle the many uncertainties in the expert’s opinions several
approaches has been adopted including the use of triangular fuzzy number, Gaussian
fuzzy number, trapezoidal fuzzy number and triangular membership function (Hsu et al.,
2010). However, in this study, the Triangular Fuzzy Number is applied. The FD method
is used to determine the weight of the criteria in this study and its algorithm is given
below.
3. Algorithm of the FD Method and the IVIF-MTOPSIS Model
In this section, the algorithm for the proposed integrated model is concisely expressed
using the stepwise procedure. The implementation steps which is partly from (Bai, 2013)
algorithm has been modified to suit the present study. The schematic diagram of the
proposed integrated model is shown in Fig 1 below.
Step 1. Set up a group of Decision Makers (DMs). With their opinion construct the
̃ ) of the alternatives (𝐴𝑖 ) with
interval-valued intuitionistic fuzzy decision matrix (D
respect to the criteria (𝐶𝑖 ), using linguistic variables and the interval-valued intuitionistic
fuzzy number (IVIFN) (see Table 1)
𝒙𝒊𝒋 = ([𝑎𝑖𝑗 , 𝑏𝑖𝑗 ], [𝑐𝑖𝑗 , 𝑑𝑖𝑗 ]), 𝑖 = 1,2, … , 𝑚; 𝑗 = 1, … , 𝑛
([𝒂𝟏𝟏 , 𝒃𝟏𝟏 ], [𝒄𝟏𝟏 , 𝒅𝟏𝟏 ]) … … ([𝒂𝟏𝒏 , 𝒃𝟏𝒏 ], [𝒄𝟏𝒏 , 𝒅𝟏𝒏 ])
([𝒂𝟐𝟏 , 𝒃𝟐𝟏 ], [𝒄𝟐𝟏 , 𝒅𝟐𝟏 ]) … ⋯ ([𝒂𝟐𝒏 , 𝒃𝟐𝒏 ], [𝒄𝟐𝒏 , 𝒅𝟐𝒏 ])
𝑫𝒎𝒙𝒏 (𝒙𝒊𝒋 ) =
(5)
⋮
⋮ ⋱
⋮
⋮
⋮ ⋱
⋮
[([𝒂𝒎𝟏 , 𝒃𝒎𝟏 ], [𝒄𝒎𝟏 , 𝒅𝒎𝟏 ]) … ⋯ ([𝒂𝒎𝒏 , 𝒃𝒎𝒏 ], [𝒄𝒎𝒏 , 𝒅𝒎𝒏 ])]
Using Fuzzy
Delphi method

Determine the weight of the
criteria

Using IVIFMTOPSIS

Evaluate the Design concept
alternatives with respect to
the criteria

Using Score function-based
separation measure
Pak.j.stat.oper.res. Vol.XIII No.2 2017 pp425-438

Using weighted normalized
Euclidean distance method
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Integrate the results from the
two methods

Rank the design concept
alternatives and select the best
Fig 1. The schematic diagram of the proposed integrated model
Step 2. Convert the interval-valued fuzzy decision matrix 𝑫𝒎𝒙𝒏 (𝒙𝒊𝒋 ) to the improved
score matrix 𝑹𝒎𝒙𝒏 (𝑰𝒊𝒋 (𝒂𝒊𝒋 )). The main purpose of this step is to represent the
aggregated effect of positive and negative evaluations in the performance ratings of the
alternatives based on interval-valued intuitionistic fuzzy set (IVIFS) data as given by the
DMs.
𝑰𝟏𝟏 (𝒙𝟏𝟏 ) 𝑰𝟏𝟐 (𝒙𝟏𝟐 ) … 𝑰𝟏𝒏 (𝒙𝟏𝒏 )
𝑰𝟐𝟐 (𝒙𝟐𝟐 ) 𝑰𝟐𝟐 (𝒙𝟐𝟐 ) ⋯ 𝑰𝟐𝒏 (𝒙𝟐𝒏 )
𝑹𝒎𝒙𝒏 (𝑰𝒊𝒋 (𝒂𝒊𝒋 )) =
(6)
⋱
⋮
⋮
⋮
⋱
⋮
⋮
⋮
[𝑰𝒎𝟏 (𝒙𝒎𝟏 ) 𝑰𝒎𝟐 (𝒙𝒎𝟐 ) ⋯ 𝑰𝒎𝒏 (𝒙𝒎𝒏 )]
Step 3. Determine the weight of each of the evaluating criteria 𝑤𝑗 using the FD method.
This is achieved by first collecting opinions of the decision group concerning the criteria,
using linguistic variables and then converts to the TFN.


Calculate the evaluation value of the TFN of each alternate criteria given by DMs,
and find out the significance TFN of the alternate criteria.

Example 1. Let’s assume the evaluation value of the significance of n element given by m
DMs is 𝒙𝒊𝒋 = (𝑎𝒊𝒋 , 𝑏𝑖𝑗 , 𝒄𝒊𝒋 ), 𝑖 = 1,2, … , 𝑛; 𝑗 = 1, … , 𝑚 then the fuzzy weight of the n
element is; 𝑤𝑗 = (𝑎𝑗 , 𝑏𝑗 , 𝑐𝑗 ), 𝑗 = 1, … , 𝑚
𝑤𝒋 = (

𝑚
𝑚
∑𝑚
𝑖𝑗 𝑎𝒊𝒋 ∑𝑖𝑗 𝑏𝑖𝑗 ∑𝑖𝑗 𝑐𝑖𝑗

𝑚

,

𝑚

,

𝑚

)

(7)

Finally, the result is defuzzified using center of gravity method;
𝒘𝒋 =

𝑎𝒋 +𝒃𝒋 +𝒄𝒋
3

(8)

Step 4. Define the Positive Ideal Solution (A +) and Negative Ideal Solution (A-) for the
score function-based matrix;
𝐴+ = ([𝑎𝑗 , 𝒃𝒋 ], [𝑐𝑗 , 𝑑𝑗 ]), 𝐴− = ([𝑎𝑗 , 𝒃𝒋 ], [𝑐𝑗 , 𝑑𝑗 ]),
𝐴+ = ([1, 1], [0, 0]), 𝑗 = 1, … , 𝑛
(9)
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𝐴− = ([0, 0], [1, 1]),

𝑗 = 1, … , 𝑛

(10)

Table 1: Intuitionistic Fuzzy Numbers for approximating the linguistic variable
Linguistic terms

Interval-valued intuitionistic
fuzzy Number

Triangular Fuzzy Numbers
(TFN)

Very low (VL)

([0.1, 0.3], [0.25, 0.4])

(0.1, 0.25, 0.3)

Low (L)

([0.2, 0.55], [0.3, 0.55])

(0.2, 0.3, 0.55)

Good (G)

([0.3, 0.6], [0.45, 0.65])

(0.3, 0.45, 0.6)

High (H)

([0.5, 0.7], [0.6, 0.7])

(0.5, 0.6, 0.7)

Excellent (EX)

([0.6, 0.9], [0.75, 1.0])

(0.6, 0.75, 0.9)

Step 5. Compute the score function-based separation measures (𝑑 + 𝑖 (𝐴+ , 𝑨𝒊 ) and
(𝑑− 𝑖 (𝐴− , 𝑨𝒊 ) for each alternative from the positive ideal and negative ideal solutions
using the equation (11) and (12), also for the weighted normalized Euclidean distance
method, the separation measures is calculated for (𝑑 + 𝑖 (𝐴+ , 𝐴𝑖 ) and (𝑑 − 𝑖 (𝐴− , 𝐴𝑖 ) in
intuitionistic fuzzy environment as shown respectively in the equations (13) and (14)
(Wang & Li, 2012) below.
2

𝑑+ 𝑖 (𝐴+ , 𝐴𝑖 ) = √∑𝑛𝑖=1 [𝑤𝑗 (1 − (𝑰𝒊𝒋 (𝒙𝒊𝒋 ))]

(11)

Similarly,
𝑑− 𝑖 (𝐴− , 𝑨𝒊 ) = √∑𝑛𝑖=1 [𝑤𝑗 (𝑰𝒊𝒋 (𝒙𝒊𝒋 ))]

2

2

1

(12)
2

2

𝑑+ 𝑖 (𝐴+ , 𝑨𝒊 ) = (4 ∑𝑛𝑗=0 𝑤𝑗 ((𝑎𝑖𝑗 − 𝑎𝑗 ) + (𝑏𝑖𝑗 − 𝑏𝑗 ) + (𝑐𝑖𝑗 − 𝑐𝑗 ) +
2

2

2 1/2

(𝑑𝑖𝑗 − 𝑑𝑗 ) + (𝜋 𝑙 𝑖𝑗 − 𝜋 𝑙𝑗 ) + (𝜋 𝑢 𝑖𝑗 − 𝜋 𝑢𝑗 ) )

(13)

Similarly,
2

1

2

2

𝑑− 𝑖 (𝐴− , 𝑨𝒊 ) = (4 ∑𝑛𝑗=0 𝑤𝑗 ((𝑎𝑖𝑗 − 𝑎𝑗 ) + (𝑏𝑖𝑗 − 𝑏𝑗 ) + (𝑐𝑖𝑗 − 𝑐𝑗 ) +
2

2

2 1/2

(𝑑𝑖𝑗 − 𝑑𝑗 ) + (𝜋 𝑙 𝑖𝑗 − 𝜋 𝑙𝑗 ) + (𝜋 𝑢 𝑖𝑗 − 𝜋 𝑢𝑗 ) )

Where 𝜋 𝑙 𝑖𝑗 = 1 − 𝑏𝑖𝑗 − 𝑑𝑖𝑗 , 𝜋 𝑢 𝑖𝑗 = 1 − 𝑎𝑖𝑗 − 𝑐𝑖𝑗 , 𝜋 𝑙𝑗 = 1 − 𝑏𝑗 − 𝑑𝑗
𝑎𝑗 − 𝑐𝑗

(14)
and 𝜋 𝑢𝑗 = 1 −

Step 6. To combine the distance separation measure proposed in this study, the new
reflection defuzzification integration formula is applied as shown in equation (15) and
(16) for both the positive and negative distance points respectively.
𝐷+ 𝑖 (𝐴+ , 𝐴𝑖 )total = 𝛼1 𝑑 + 𝑖 (𝐴+ , 𝐴𝑖 ) + 𝛼2 𝑑+ 𝑖 (𝐴+ , 𝐴𝑖 )

(15)

Similarly,
𝐷− 𝑖 (𝐴− , 𝐴𝑖 )total = 𝛼1 𝑑 − 𝑖 (𝐴− , 𝐴𝑖 ) + 𝛼2 𝑑− 𝑖 (𝐴− , 𝐴𝑖 )
Pak.j.stat.oper.res. Vol.XIII No.2 2017 pp425-438
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where 𝛼1 + 𝛼2 = 1
Step 7. Set a point, say B as the optimized ideal references point(𝑑𝑖 (𝐴, 𝑨𝒊 ) , for the
alternatives that is; B (min d(𝐴+ , 𝑨𝒊 ), max𝑑(𝐴− , 𝑨𝒊 ) ). Then calculate the distances from
each alternative. The relative closeness 𝑅𝑖 to the ideal solution is calculated as shown in
the equation,
𝑅𝑖 = √[(𝑑(𝐴+ , 𝐴𝑖 ), −𝑚𝑖𝑛 𝑑(𝐴+ , 𝐴𝑖 ))2 + (𝑑(𝐴− , 𝐴𝑖 ), −𝑚𝑎𝑥 𝑑(𝐴− , 𝐴𝑖 ) 2 ]

(17)

Step 8. Rank the preference order.
4. Application of the Proposed Model
In this section, we demonstrate the computational process of the Fuzzy Delphi and
Interval-Valued Intuitionistic Fuzzy M-TOPSIS algorithm proposed herein, by using a
real case study for case 1 and a hypothetical example for case 2, this is mainly to compare
the effectiveness of the model.
Case 1. An electronic related manufacturing company located around Pekan area
Malaysia needed to select a preferred printed circuit board (PCB) from a group of
candidates; A1, A2, A3 and A4 as a reference PCB for a new design. A group of three
experts from the product development unit, manufacturing, and management within the
company i.e. E1, E2, and E3 was tasked to determine the most appropriate PCB design
from the candidates with respect to following twelve (12) criteria; Mass and size (C1),
Ergonomics (C2), Simple assembly (C3), Easy handling (C4), Easy maintenance (C5), Few
production errors (C6), Cost (C7), Fewer spec controls (C8), Safety standard (C9), Fulfills
environmental standard (C10), Attractive design (C11), and Modifiable (C12).
Using the assessment report from the three experts, we implement the proposed FD
method and the Interval-Valued Intuitionistic Fuzzy M-TOPSIS model. Summary of the
implementation is given below.
Step 1: Construct the interval-valued intuitionistic fuzzy decision matrix; the study uses
the linguistic variables in Table 1 and then the interval-valued intuitionistic fuzzy number
to express the ratings of the four concepts Ai with respect to each of the twelve criteria Cj
to form the interval-valued intuitionistic fuzzy decision matrix 𝑫𝒎𝒙𝒏 (𝒙𝒊𝒋 ) as shown in
Table 2 & 3.
Table 2: Expert’s ratings with Linguistic terms
Ci

E1

E2

E3

E1

A1

432

E2

E3

E1

A2

E2

E3

E1

A3

E2

E3

A4

C1

L

G

VL

H

L

H

VL

H

G

G

L

VL

C2

H

H

VL

EX

G

EX

L

EX

H

VL

G

L

C3

EX

EX

L

VL

H

H

G

H

EX

L

H

G

C4

H

H

G

L

G

G

L

L

VL

G

L

VL
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C5

H

G

L

G

H

G

H

G

L

L

G

L

C6

VL

G

H

H

EX

H

EX

L

VL

G

H

G

C7

L

H

VL

EX

H

H

L

G

L

H

G

H

C8

H

EX

L

VL

EX

EX

G

H

G

G

H

L

C9

VL

H

H

VL

H

H

VL

G

VL

G

VL

G

C10

L

VL

EX

L

EX

EX

L

L

L

H

L

H

C11

G

L

H

VL

H

H

G

G

G

EX

G

H

C12

VL

H

G

H

H

G

VL

H

H

L

EX

G

Table 3: Interval-valued intuitionistic fuzzy decision matrix
A1

A2

A3

A4

C1

([0.20, 0.48],
[0.33, 0.53])

([0.40, 0.65],
[0.50, 0.65])

([0.30, 0.53],
[0.43, 0.58])

([0.20, 0.48],
[0.33, 0.53])

C2

([0.37, 0.57],
[0.48, 0.6])

([0.47, 0.80],
[0.65, 0.88])

([0.43, 0.72],
[0.55, 0.70])

([0.20, 0.48],
[0.33, 0.53])

C3

([0.43, 0.67],
[0.55, 0.85])

([0.27, 0.58],
[0.4, 0.60])

([0.17, 0.47].
[0.28, 0.75])

([0.20, 0.48],
[0.33, 0.63])

C4

([0.33, 0.62],
[0.45, 0.68])

([0.37, 0.63],
[0.50, 0.62])

([0.33, 0.62],
[0.45, 0.78])

([0.23, 0.57],
[0.35, 0.53])

C5

([0.30, 0.53],
[0.43, 0.63])

([0.53, 0.77],
[0.65, 0.68])

([0.30, 0.58],
[0.43, 0.50])

([0.37, 0.63],
[0.50, 0.58])

C6

([0.27, 0.52],
[0.38, 0.58])

([0.53, 0.77],
[0.65, 0.90])

([0.23, 0.57],
[0.63, 0.35])

([0.43, 0.67],
[0.55, 0.67])

C7

([0.43, 0.72],
[0.55, 0.55])

([0.43, 0.70],
[0.58, 0.65])

([0.37, 0.63],
[0.58, 0.50])

([0.33, 0.62],
[0.45, 0.67])

C8

([0.37, 0.57],
[0.48, 0.78)

([0.37, 0.57],
[0.48, 0.88])

([0.17, 0.40],
[0.32, 0.67])

([0.23, 0.50],
[0.38, 0.63])

C9

([0.30, 0.58],
[0.43, 0.6])

([0.47, 0.78],
[0.60, 0.60])

([0.20, 0.55],
[0.30, 0.48])

([0.40, 0.65],
[0.50, 0.57])

C10

([0.33, 0.62],
[0.45, 0.65])

([0.37, 0.57],
[0.48, 0.85])

([0.30, 0.60],
[0.45, 0.55])

([0.47, 0.73],
[0.60, 0.65])

C11

(0.30, 0.58],
[0.43, 0.63])

([0.10, 0.30],
[0.25, 0.60])

([0.23, 0.43],
[0.37, 0.65])

([0.43, 0.67],
[0.55, 0.78])

C12

(0.40, 0.65],
[0.50, 0.58])

([0.27, 0.58],
[0.40, 0.68])

([0.33, 0.62],
[0.45, 0.60])

([0.37, 0.68],
[0.50, 0.73])

Step 2: Using the improved score function (equation (3)) the interval-valued intuitionistic
fuzzy decision matrix 𝑫𝒎𝒙𝒏 (𝒙𝒊𝒋 ) is converted to the improved score matrix
𝑹𝒎𝒙𝒏 (𝑰𝒊𝒋 (𝒂𝒊𝒋 )) (i.e. equation (10)) as show in the Table 4. Also, by following the
implementation procedure for the Fuzzy Delphi method, the weights of the criteria are
determined. The results for criteria weights are shown in Table 5.
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Table 4: Improved score matrix
C1

C2

C3

C4

C5

C6

C7

C8

C9

C10

C11

C12

A1

0.385

0.449

0.380

0.418

0.413

0.416

0.482

0.398

0.428

0.428

0.420

0.470

A2

0.448

0.335

0.417

0.445

0.429

0.344

0.440

0.370

0.460

0.378

0.248

0.394

A3

0.426

0.428

0.315

0.387

0.457

0.439

0.468

0.314

0.417

0.443

0.359

0.443

A4

0.385

0.385

0.361

0.420

0.455

0.440

0.421

0.377

0.474

0.445

0.404

0.410

Table 5: Fuzzy Delphi weight
Ci

C1

C2

C3

C4

C5

C6

C7

C8

C9

C10

C11

C12

𝒘𝒋

0.086

0.086

0.084

0.083

0.086

0.079

0.081

0.084

0.079

0.081

0.084

0.088

Step 3: By using equation (11) and (12), we can compute (𝑑 + 𝑖 (𝐴+ , 𝐴𝑖 ) and (𝑑 − 𝑖 (𝐴− ,
𝐴𝑖 ) (𝑖 = 1,2,3,4) for the score function-based approach and the final result is as follows;
(𝑑 +1 (𝐴+ , 𝐴1 ) = 0.167, (𝑑−1 (𝐴− , 𝐴1 ) = 0.123
(𝑑 + 2 (𝐴+ , 𝐴2 ) = 0.177, (𝑑 − 2 (𝐴− , 𝐴2 ) = 0.115,
(𝑑+ 3 (𝐴+ , 𝐴3 ) = 0.172 , (𝑑 − 3 (𝐴− , 𝐴3 ) = 0.119, and
(𝑑+ 4 (𝐴+ , 𝐴4 ) = 0.170, (𝑑 − 4 (𝐴− , 𝐴4 ) = 0.120,
Similarly, using equation (13) and (14) the weighted Euclidean distance method for the
separation measure is calculated and the results are as follows;
(𝑑 +1 (𝐴+ , 𝐴1 ) = 0.586, (𝑑−1 (𝐴− , 𝐴1 ) = 0.510
(𝑑 + 2 (𝐴+ , 𝐴2 ) = 0.629, (𝑑 − 2 (𝐴− , 𝐴2 ) = 0. 541,
(𝑑+ 3 (𝐴+ , 𝐴3 ) = 0.601,(𝑑 − 3 (𝐴− , 𝐴3 ) = 0.516,
(𝑑+ 4 (𝐴+ , 𝐴4 ) = 0.594, (𝑑 − 4 (𝐴− , 𝐴4 ) = 0.523.
Step 4: Upon using the new reflection defuzzification integration formula in equation
(15) and (16), the two separation measures approaches are integrated and the results are
as follows;
(𝐷+ (𝐴+ , 𝑨𝟏 ) = 0.753, (𝐷−1 (𝐴− , 𝑨𝟏 ) = 0.633,
(𝐷+ 2 (𝐴+ , 𝑨𝟐 ) = 0.806, (𝐷− 2 (𝐴− , 𝑨𝟐 ) = 0.656,
(𝐷+ 3 (𝐴+ , 𝑨𝟑 ) = 0.773, (𝐷− 3 (𝐴− , 𝐴3 ) = 0.635, and
(𝐷+ 4 (𝐴+ , 𝐴4 ) = 0.764, (𝐷− 4 (𝐴− , 𝐴4 ) = 0.643.
Step 5: Finally, the results for the relative closeness 𝑅𝑖 , (𝑖 = 1,2,3,4) to the ideal solution
which is calculated using equation (17) is given as 𝑅1 = 0.023, 𝑅2 = 0.053, 𝑅3 =
0.029, and 𝑅4 = 0.017, therefore the ranking orders for the four candidates are in the
form (increasing order) 𝐴4 < 𝐴1 < 𝐴3 < 𝐴2 ), obviously, 𝐴4 is the best candidate
according to the model.
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Case 2. A hypothetical example originally presented by Ye, (2009) is modified to
demonstrate the computational process of the Interval-Valued Intuitionistic Fuzzy MTOPSIS algorithm.
Let us consider a decision-making problem for the selecting a preferred Naval vessel
from a group of candidates; S1, S2, S3 and S4 as a reference for a new design. The expert
has to make a decision according to the following, Performance (C1), Economy (C2) and
Appearance (C3) (Xie et al., 2008). The weights of the criteria are 𝑊 =
{0.35, 0.25, 0.40} .
The preferred car is to be evaluated using the interval-valued intuitionistic fuzzy MTOPSIS algorithm with respect to the above criteria. Following the implementation step
for the interval-valued intuitionistic fuzzy M-TOPSIS model, the interval-valued
intuitionistic fuzzy decision matrix decision matrix 𝑫𝒎𝒙𝒏 (𝒙𝒊𝒋 ) is determined, then the
improved score matrix𝑹𝒎𝒙𝒏 (𝑰𝒊𝒋 (𝒂𝒊𝒋 )).
([0.4,0.5], [0.3, 0.4]) ([0.4,0.6], [0.2,0.4])
([0.6, 0.7], [0.2,0.3]) ([0.6,0.7], [0.2,0.3])
𝑫𝟒𝒙𝟑 (𝒙𝒊𝒋 ) =
([0.3,0.6], [0.3, 0.4]) ([0.5, 0.6], [0.3, 0.4])
[([0.7, 0.8], [0.1, 0.2]) ([0.6,0.7], [0.1, 0.3])
0.5350
𝑹𝒎𝒙𝒏 (𝑰𝒊𝒋 (𝒂𝒊𝒋 )) = [0.7100
0.5100
0.8200

0.5800
0.7100
0.6000
0.7400

([0.1,0.3], [0.5,0.6])
([0.4,0.7], [0.1,0.2])
([0.5,0.6], [0.1,0.3])
([0.3,0.4], [0.1,0.2])]

0.2350
0.6850]
0.6800
0.5200

Same as in Case 1, we can compute (𝑑 + 𝑖 (𝐴+ , 𝐴𝑖 ) and (𝑑 − 𝑖 (𝐴− , 𝐴𝑖 ) (𝑖 = 1,2,3,4) for
the score function-based approach and the results are as follows;
(𝑑 +1 (𝐴+ , 𝐴1 ) = 0.362, (𝑑 −1 (𝐴− , 𝐴1 ) = 0.255
(𝑑 + 2 (𝐴+ , 𝐴2 ) = 0.177, (𝑑 − 2 (𝐴− , 𝐴2 ) = 0.410,
(𝑑 + 3 (𝐴+ , 𝐴3 ) = 0.236, (𝑑 − 3 (𝐴− , 𝐴3 ) = 0.358 and
(𝑑 + 4 (𝐴+ , 𝐴4 ) = 0.212, (𝑑 − 4 (𝐴− , 𝐴4 ) = 0.400.
Similarly, for the weighted Euclidean distance method the results are;
(𝑑+1 (𝐴+ , 𝐴1 ) = 0.589, (𝑑 −1 (𝐴− , 𝐴1 ) = 0.540,
(𝑑 + 2 (𝐴+ , 𝐴2 ) = 0.373, (𝑑 − 2 (𝐴− , 𝐴2 ) = 0.734,
(𝑑 + 3 (𝐴+ , 𝐴3 ) = 0.452, (𝑑 − 3 (𝐴− , 𝐴3 ) = 0.655 and
(𝑑 + 4 (𝐴+ , 𝐴4 ) = 0.434 (𝑑 − 4 (𝐴− , 𝐴4 ) = 0.769.
Also, upon integration of the two approaches with the new reflection defuzzification
integration formula in equation the results are as follows;
(𝐷+ (𝐴+ , 𝐴1 ) = 0.951, (𝐷−1 (𝐴− , 𝐴1 ) = 0.795
(𝐷+ 2 (𝐴+ , 𝐴2 ) = 0.550, (𝐷− 2 (𝐴− , 𝐴2 ) = 1.144
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(𝐷+ 3 (𝐴+ , 𝐴3 ) = 0.688, (𝐷− 3 (𝐴− , 𝐴3 ) = 1.014, and
(𝐷+ 4 (𝐴+ , 𝐴4 ) = 0.647, (𝐷− 4 (𝐴− , 𝐴4 ) = 1.169.
Finally, the results for the relative closeness 𝑅𝑖 , (𝑖 = 1,2,3,4) to the ideal solution is
given as 𝑅1 = 0.548, 𝑅2 = 0.024, 𝑅3 = 0.208, and 𝑅4 = 0.097, therefore the ranking
orders for the four candidates are in the form 𝐴2 < 𝐴4 < 𝐴3 < 𝐴1 , where
alternative 𝐴2 is adjudged to be the best candidate and is in agreement with the result in
(Ye, 2009) as shown in Table 6. Also the result has been compared with the traditional
TOPSIS model.

Table 6: Comparison of result
Relative
closeness of
the Proposed
model

Rank

Ye (Ye,
2009)

Rank

TOPSIS

Rank

𝐴1

0.548

4

0.1459

4

0.455

4

𝐴2

0.024

1

0.4330

1

0.675

1

𝐴3

0.208

3

0.3124

3

0.596

3

𝐴4

0.097

2

0.3647

2

0.644

2

5. Conclusions
This paper presents a reliable, easy and a more objective approach for ranking and
determining preference in a multi-criteria decision-making problem, by extending the
Modified Technique for Order Preference by Similarity to the Ideal Solution (MTOPSIS) model into the intuitionistic fuzzy environment. The study has applied the
improved score function matrix, first to represent the aggregated effect of positive and
negative evaluations in the performance ratings of the alternatives based on intervalvalued intuitionistic fuzzy set (IVIFS) data and in combination with the weighted
normalized Euclidean distance method for the computation of the separation measures of
alternative(s) for the intuitionistic positive and negative ideal solutions. While the criteria
weight have been determined using the fuzzy Delphi (FD) method.
The proposed integrated fuzzy Delphi method and Interval-valued Intuitionistic fuzzy
MTOPSIS (IVIF-MTOPSIS) model has been applied to a real life case study, for the
evaluation and selection design concept for a new printed circuit board (PCB), and for a
hypothetical example which is based on the selection of a preferred Naval vessel as a
reference for a new design.
The result from this study, is hope to serve as an advisory system and a guide for decision
makers, business organizations, industry managers etc. planning to select new design
concepts, select business partners, and equipment suppliers as well as in the evaluation of
current practices and status. Finally, in the future, we hope to apply the proposed model
to other domains.
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